SOME SIMPSON TYPE INEQUALITIES FOR /i-CONVEX AND 
(a,m)-CONVEX FUNCTIONS 
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Abstract. In this paper, we establish some Simpson type inequalities for functions whose third 
derivatives in the absolute value are h— convex and (a, m)— convex, respectively. 



1. Introduction 

The following inequality is well known in the literature as Simpson's inequality: 



(1.1) 



■ r /(a) + /(5) , o Ja + V 



f(t)dt 



+ 2/ 



where the mapping / : [a, b] — > M is supposed to be four time differentiable on the interval 
(a, b) and having the fourth derivative bounded on (a, b), that is H/^Hoo = sup xg ( a b )|/^ 4 ^(x)| 
< oo. This inequality gives an error bound for the classical Simpson quadrature formula, which, 
actually, is one of the most used quadrature formulae in practical applications. In recent years, 
such inequalities were studied extensively by many researchers and numerious generalizations, 
extensions and variants of them appeared in a number of papers (see [T| l5l 16] [TO ] [TT] [12 1 ITT j [19] ) . 
Let us recall definitions of some kinds of convexity as follows. 

Definition A. JiJ/ We say that f : I — > M is Godunova-Levin function or that f belongs to the 
class Q (I) if f is non-negative and for all x,y G I and t G (0, 1) we have 

(1-2) f(tx + (l-t)y)<^l + lM. 

Definition B. |?]/ We say that f : / CM — )• R is a P— function or that f belongs to the class 
P (I) if f is non-negative and for all x,y G I and t € [0, 1] we have 

(1-3) f(tx + (l-t)y)<f(x) + f(y). 

Definition C. f^jj Let s £ (0,1]. A function f : (0, oo] — s> [0, oo] is said to be s— convex in the 
second sense if 

(1.4) / (tx + (l- t )y)< t s f (x) + (1 - t) s f (y) , 

for all x,y G (0,6] and t € [0, 1]. This class of s— convex functions is usually denoted by K^. 

Definition D. fgfl]/ Let h : J C R — > R be a positive function. We say that f : / C E — > R 
is h— convex function, or that f belongs to the class SX(h,I), if f is non-negative and for all 
x,y & I and t S [0, 1] we have 

(1.5) f(tx+(l-t)y)<h(t)f(x) + h(l-t)f(y). 

If inequality U.5\) is reversed, then f is said to be h— concave, i.e. f € SV (h,I). 

Obviously, if h (t) = t, then all non-negative convex functions belong to SX (h, I) and all 
non-negative concave functions belong to SV(h,I); if h (t) = j, then SX(h,I) = Q (J); if 
h {t) = 1, then SX (h, I) D P (I); and if h (t) = t s , where s G (0, 1], then SX (h, I) D K 2 S . For 
recent results concerning h— convex functions see [21 HI [TBI [2U] and references therein. 
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Definition E. [18] The function f : [0,6] — > R is said to be m— convex, where m G [0, 1], if for 
every x, y G [0, 6] and i G [0, 1] we have 

f(tx + m(l - t)y) < tf(x) + m(l - t)f(y). 

Denote by K m (b) the set of the m— convex functions on [0,6] for which /(0) < 0. 

Definition F. [T3] The function f : [0,6] — > R, 6 > is said to 6e (a, m) — convex, where 
(a, m) G [0, l] 2 , i//or a// x,y & [0, 6] and i G [0, 1] we /iaue 

f(tx + m(l - < * a /0) + m(l - i Q )/(y). 

Denote by K^(b) the class of all (a,m) — convex functions on [0,6] for which /(0) < 0. 

If we choose (a, m) = (1, m), it can be easily seen that (a, m)— convexity reduces to m— convexity 
and for (a, m) = (1, 1), we have ordinary convex functions on [0, 6]. 

Recently, Ozdemir et al. |14j established some Simpson type inequalities for functions whose 
third derivatives in the absolute value are m— convex. In |15| . Ozdemir et al. established the 
following inequalities for functions whose third derivatives in the absolute value are s— convex 
in the second sense. 

Theorem A. Let f : I C [0, oo) — > R be a differentiable function on 1° such that f" G L\[a, 6], 
where a,b G 1° with a < 6. If \f"'\ is s— convex in the second sense on [a, 6] for some fixed 
s G (0, 1], then 



f(x)dx 



b — a 
6 



/(a) + 4/ 



a + 6 



+ f(b) 



(1.6) < 



(b- a y 



2 _ 4 - s ^ + s )( 2 + s) + 34 + 2 4+s (-2 + s) + lis + 
(l + s)(2 + s)(3 + s)(4 + s) 



[\f'»\ + \f"(b)\]. 



Theorem B. Let f : I C [0, oo) — > R be a differentiable function on 1° such that f" G L\\a, 6], 
where a,b G 1° with a < b. If \f'"\ q is s— convex in the second sense on [a, 6] for some fixed 



s G (0, 1] and q > 1 with - + - = 1, then 



f{x)dx 



b — a 
6 



/(a) + 4/(^)+/(6) 



< 



(6 -a) 4 fl\p /r(2p+l)r(p + l) 



48 



T(3p + 2) 



>s+l 



>s+l 



i/»r+ 



)S+1 



I /'"(&) I 



(1-7) + 



QS + l _ 1 1 



2 s +!(s + l) 



2 s + 1 (s + 1) 



|/ W (&)| 



Theorem C. Suppose that all the assumptions of Theorem\B\ are satisfied. Then 



f(x)dx 



b — a 
6 



/(a) + 4/ 



a + 6 



+ /(&) 



< 



(6-a) 4 / 1 AH 



6 V 192 , 



(l.t 



x < 



+ 



(3 + s)(4 + s) 



i/»r+ 



2 _4- s + 2 4+ S (_ 2 + s ) + Us + s 

(l + s)(2 + s)(3 + s)(4 + s) 



2" 4 ~ s (34 + 2 4 +^(-2 + s) + lis + s 2 ) 7/ , + 2~ 4 



(l + s)(2 + s)(3 + s)(4 + s) 



(3 + s)(4 + s 




The main purpose of this paper is to establish some new Simpson type inequalities for functions 
whose third derivatives in the absolute value are h— convex and (a, m)— convex, respectively. 
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2. Simpson type inequalities for /i-convex functions 

To prove our main theorems, we need the following identity established in [2]: 

Lemma 1. Let f : / — >■ R be a function such that f"'be absolutely continuous on 1° , the interior 
of I. Assume that a,b £ 1°, with a < b and f" £ L±[a, b]. Then, the following equality holds: 



f(x)dx 



b — a 
6 



where 



f(a) + 4/(^1 + f(b) 



Pit) 



{b - af / p(t)f m (ta + (1 - t)b)dt, 



o 



6* 2 (* 2) ' 



1 , 



l 6 -(t-l) 2 (t- I), t£&l]. 

Using this lemma, we can obtain the following inequalities for h— convex functions. 

Theorem 1. Let h : J C R — > M ([0, 1] C J) be a non-negative function, and f : I C [0, 00) — >■ R 
6e a differentiable function on 1° such that f" £ Li[a,b], where a,b £ 1° with a < b. If \f"'\ is 
h— convex on [a,b], then 



f(x)dx 



b — a 
6 



/(a) +4/ 



a + b 



+ f(b) 



(2.1) < 



(b - af 



t 2 - - t) h(t)dt + / t 2 - - 1 )h(l - t)dt 



[\f"'(a)\ + \f"'(b)\} 



Proof. From Lemma [T] and s— convexity of \f"'\, we have 



f(x)dx 



b — a 



/(«) + 4/(^)+/(6) 



<(b- af 



-r t 



\f"'(ta + (l-t)b)\dt 



+ 



:(t-lf t 



< 



(b-af 



\f"'(ta+(l-t)b)\dt 



t) {h{t)\r(a)\+h{l-t)\f'"{b)\)dt 



+ Jjt - l) 2 (t - (h(t) \f"'(a)\ + h(l - t) \f"'(b)\) dt 



(b-af 



where we have used the fact that 



t ) h{t)dt + / (t - If ( t - - ) h(t)dt 



[|/»|+|/»|], 



t h{t)dt + / (t - If (t - - h(t)dt 



1 



t 2 - - t )h(l - t)dt + / (t - l) 2 it - - ]h(l - t)dt 



1 



r - - 1 /i(t)di + / r - - 1 - t)cft. 



1 



Hence, the proof of (|2.ip is complete. □ 
Remark 1. In Theorem^ if we choose h(t) = t s , s £ (0,1], then (|2.ip reduces to (|1.6p . 
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Theorem 2. Let h : J C R — > R ([0, 1] C J) ka non-negative function, and f : I C [0, oo) — > R 
6e a differentiable function on 1° such that f" € Li[o, 6], where a,b G 7° a < b. If \ f"'\ q is 
h— convex on [a,b] and q > 1 mf/i | + | = 1, t/ien 



/(«)+4/l^)+/(6) 



< 



/(x)dx - ^— - 

D 



a) 4 /iv /r(2p + i)r(p + 1)\ p 



48 



2y v r(3p + 2) 



x < 



(2.2) 



MJ -/)r// J j / I |/ W (b) 19 



Proof. Prom Lemma[IJ and using the s— convexity of \ f"'\ q and the well-known Holder's inequal- 
ity, we have 
,-b 



< 



f{x)dx 

(ft -a) 4 
6 



b — a 



6 



/(a)+4/l^ ]+/(&) 



|/'"(ta + (l-t)&)| 9 d* 



+ 



£ ((* " I) 2 [t ~ l)Jdt) P ijl \f'"(ta + (1 - t)b)\ q dt 



< 



(b-a) 4 /r(2p+i)r(p+i)V 



+ 



6 V 2 3 J>+ 1 r(3p + 2) 

^ |/>)| 9 + fc(l-i)|/>r 



[^ir^i^+^i-t)!/"^)! 9 ] 



dt 



< 



(b-a) 4 /iy / r(2p + l)r(p + l) 



48 



2 J V T(3p + 2) 



/»(t)dti |/"»r + | r h(i-t)dt\\f"'(by q 



+ 



h(t)dt I \ f"'(a)\ q + I / fc(l-t)dt) 



where we have used the fact that 



(2.3) 



I' ( l-t | | d/ 



(i - l) 2 t - - dt 



r(2p + i)r(p + 1) 



2 yy 2 3 P+ 1 r(3p + 2) 

and r is the Gamma function. Hence, the proof of (|2.2[) is complete. 
Remark 2. In Theorem^ if we choose h(t) = t s , s € (0,1], t/ien (|2.2p reduces to (|1 .7[) . 
A different approach leads to the following result. 



□ 
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Theorem 3. Suppose that all the assumptions of Theorem 03 are satisfied. Then 
f{x)dx 



< 



6 V 192 



1 



6 



1-- 



/(«) +4/(^1+ /(&) 



WHH |rw| ' + tf t2 (H 



h(i-t)dt\ 



(2.4) 



1 



^(^-tjMi-^iircajr+i / * 



ir» 19 



Proof. From Lemma [T] and using the well-known power-mean inequality we have 



< 



f(x)dx 

6 



b — a 



/(a) + 4/ 



a + b 



+ f(b) 



/' I - -t I <// 



2 t 2 fi-t) |/ ,/, (ta + (l-t)6)| tt di 



+ / (t-1) 2 t- - A 



^(t-l) 2 (t-^\f"{ta+{l-t)b)\ q dt 



Since \f"'\ q is s— convex, we have 



1 



t z [--t f"(ta + (l-t)bWdt 



< / if 



t) (h(t)\f"'(a)\ q + h(l-t)\f'"(b)\ q )dt 



i n / 1 
t 2 



tjfc(f)dtj ir»r+ 



iU(i-t)^ |r(6)| c - 



and 



^(t-l) 2 (t-^j\f"'(ta+(l-t)b)\ q dt 
< Jlit - If (t - ±) (h(t) \f"\a)\ q + h(l - t) \f"'(b)\ q ) dt 



1 



t)h(l-t)dt \f"{a) \ q + / t 



l --t^j h(t)dtj \f"'(b)\ q . 



Hence, the proof of (|2.4p is complete. □ 
Remark 3. In Theorem^ if we choose h(t) = t s , s G (0,1], then (|2.4j) reduces to (jl.8p . 

3. Simpson type inequalities for (a, m)— convex functions 

We use the following modified identity: 

Lemma 2. [141 Lemma 2] Let / : J — >• R be a function such that f"'be absolutely continuous on 
1° , the interior of I. Assume that a, b € 1°, with a < b, m € (0, 1] and f" € L\[a, b\. Then, the 



6 
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following equality holds: 



f(x)dx - mb 



f(a) + 4/ 



a + mb 



+ f(mb) 



(mb - af / p(t)f"'(ta + m(l - t)b)dt, 



where 



Pit) 



\t 2 {t \j 



te [0,i], 

i ^(*- i) 2 (i- I) , *e(5,i]. 

Using this lemma, we can obtain the following inequalities for (a, m)— convex functions. 



Theorem 4. Let f : I C [0,5*] — > R, 6e a differentiable function on 1° such that f" G Li[a, fo] 
where a,b £ I with a < b, b* > 0. // I/'"! 9 is (a, m) — convex on [a,b] for (a, m) G [0, l] 2 , g > 1 



wii/i - + - = 1, then 



f(x)dx — 

b 



/(a) + 4/ 



a + mb 



+ f(mb) 



(rob -a) 4 (T(2p + l)T(p+l)\i 



96 



T(3p + 2) 



r(a)| g + m[2»(l + a)-l ]|/ 
2°(1 + a) 



(3.1) 



+ 



( 2 i+« - 1) (/'"(a)! 9 + m[2«(l + a) - (2 J +« - 1)] \f'"(b)\ c - 



2 a (l + a) 

Proof. From Lemma [2] and using Holder's inequality we have 

a + mb 



j (x)dx - 



6 



/(a) + 4/ 



< 



(mb — af' 
6 



2/1 -t)Ydt 



+ f(mb) 
f" (ta + m(l - t)b)\ q dt 



+ 



Due to the (a, to)— convexity of I/'"] 9 , we have 



f"'(ta + m(l -t)b)\ q dt < / [t a \f"'(a)\ q + m(l-t a )\f"'(b)\ q ]dt 

Jo 

= |f»| (? + m[2"(l + «)-l]|r(b)|' ? 
2 1 +«(1 +a) 



and 



|/"'(ta + m(l — i)6) ^ efi < / [t a \f"'(a)\ q + m(l - t a ) \f'"(b)\ q ] 



dt 



_ (2 1+a - 1) \f"'(a)\ q + m[2 a (l + a) - (2 1+a - 1)] \f"'(b)\ q 
~ 2 a (l + a) ' 

The proof of f)3. 1 1) is complete by combining the above inequalities and (|2.3p . 

Remark 4. In Theorem^ if we choose a = 1, we get the inequality in [14, Theorem 4]. 
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Theorem 5. Let the assumptions of Theorem^ hold with q>l. Then 



m b 



f(x)dx 



mb — a 
6 



f(a) +4/ 



a + mb \ 

I + f(mb) 



< 



(mb - a) 4 I {12 \f"'{a)\ q + m[2 a (3 + a)(4 + a) - 12] |f 



1152 



+ 



12[a 2 + lla + 34 - 2 4+a (2-a)] , ,,„ , |9 



2 a (3 + a)(4 + a) 
/'"(«) I 



(3.2) 



2 a (l + a)(2 + a)(3 + a)(4 + a) 

12[a 2 + 11a + 34 - 2 4+a (2 - a)] 
~ 2 Q (1 + a)(2 + a) (3 + a) (4 + a) 



Proof. From Lemma [21 using the well known power-mean inequality and (a, m)— convexity of 
| f'"\ q , we have 



m \ mb-a 
j(x)dx - 



6 



/(a) + 4/l^±^W(m&) 



< 



(6-a) z 



l-A 

<3 



t (it 



2 9 / 1 
t 2 



t) \f"'{ta + m{l-t)b)\ q dt 



7;« -!)•(« 



1-- 



dt 



< 



(6-a) z 



l- 



" I) 2 (t - ^ |/"'(ta + m(l - t)6)| 9 tftj 

A [t a |/»| 9 + m(l-t a )|/ w (6)|V< 



2 9 / 1 
t 2 



+ 



'A. -!)•(« 



1-- 



dt 



(t - l) 2 ( t - - ) [t a \f'"(a)\ q + m(l - t a ) |/'"(6)|«] dt 



By using the fact that 



•r I - -t I /"(// 



t 2 ( (l-t«)ctt 



(t - l) 2 t - - t°dt 



16 x 2 Q (3 + a)(4 + a)' 

2 Q (3 + a)(4 + a) - 12 
" 192 x 2 a (3 + a)(4 + a)' 
a 2 + 11a + 34 - 2 4+a (2 - a) 



and 
■ i 



(t-iy it-- ui-ndt 



16 x 2 Q (1 + a)(2 + a)(3 + a) (4 + a) 

2 a (l + a)(2 + a)(3 + a)(4 + a) - 12[a 2 + 11a + 34 - 2 4+Q (2 - a)] 
192 x 2 a (l + a)(2 + a)(3 + a) (4 + a) 



we obtain 



mb 



f(x)dx 



mb — a 



6 



f{a) +4f ^-±^)+f(mb) 



1 



(mb — a) ( 
~ 6 I 192 



12 \f"'(a)\ q + m[2°(3 + a)(4 + a) - 12] \f"'(b)\ q 



192 x 2 a (3 + a)(4 + a) 



+ 



a 



2 + lla + 34 - 2 4+a (2 



a 



16 x 2 a (l + a)(2 + a)(3 + a)(4 + a) 
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1 a 2 + lla + 34 - 2 4+a (2-a) 

[192 16x2 a (l + a)(2 + a)(3 + a)(4 + a) 

which implies the desired result. 

Remark 5. In Theorem^ if we choose a = 1, we have the inequality in |144 Theorem 5]. 
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